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Abstract 

Consider an infinite linear mass-spring system and a modification of it 
obtained by changing the first mass and spring of the system. We give 
results on the interplay of the spectra of such systems and on the recon- 
struction of the system from its spectrum and the one of the modified 
system. Furthermore, we provide necessary and sufficient conditions 
for two sequences to be the spectra of the mass-spring system and the 
perturbed one. 
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1. Introduction 



Let /fin(N) be the linear space of complex sequences with a finite number of non- 
zero elements. In the Hilbert space ^(N), consider the operator J defined for every 
/ = {/fc}r=i in UN) by 



(Jof)i ■= + 61/2 > 

(Jof)k '■= bk-ifk-i + Qkfk + bkfk+i 



keN\{l}, 



1.2) 



where g n G R and 6 ra > for any n G N. The operator Jo is symmetric and has 
deficiency indices (1, 1) or (0, 0) [U Chap. 4, Sec. 1.2]. Fix a self-adjoint extension of 
J and denote it by J. Thus, either J 2 Jo or J = J . According to the definition 
of the matrix representation for an unbounded symmetric operator [2j Sec. 47], 
Jo is the operator whose matrix representation with respect to the canonical basis 
{5 n }™ =1 in / 2 (N) is 
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Along with J, we consider the operator 

J = J + [ qi (6 2 - 1) + 6 2 h] (5 1 ,-}5 1 

+ b 1 {e-l)((5 l ,-)6 2 + (5 2 ,-) 6 l ), 9>0 



h G 



;i.4) 



which is a self-adjoint extension of the operator whose matrix representation with 
respect to the canonical basis in 1 2 {N) is 



(e 2 ( qi + h) 
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Note that J is obtained from J by a particular kind of rank-two perturbation. 

Under the assumption that J has discrete spectrum (as explained in Section 2, 
when J has deficiency indices (1, 1), this is always the case), this work treats the 
inverse spectral problem of reconstructing, from the spectra of J and J, the matrix 
(11. 3p and the "boundary condition at infinity" defining the self-adjoint extension J 
if necessary (i.e. if J is not essentially self-adjoint, cf. [El Sec. 2]). To solve this 
inverse problem, one should elucidate the distribution of the perturbed spectrum 
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relative to the unperturbed one and determine the necessary input data for recov- 
ering the matrix. An important point to note is that this work provides necessary 
and sufficient conditions for two sequences to be the spectra of J and J. Also, we 
discuss (the lack of) uniqueness of the reconstruction. 

Although the two spectra inverse problem for the rank-one perturbation family 
of Jacobi operators has been thoroughly studied (see for instance [HJ H2J HH ED] and 
[SI El QUI EH] for the case of finite matrices), there is scarce literature dealing with 
inverse problems of other kind of perturbations (cf. [8J). 

The motivation for this work is the inverse spectral problem studied in [15] and 
[7] which is in its turn related with the physical problem of measuring micro-masses 
with the help of micro-cantilevers [HI [19] . Micro-cantilevers are modeled by spring- 
mass systems whose masses and spring constants are determined by the mechanical 
parameters of the micro-cantilevers. 

In this work we consider the semi-infinite mass-spring system given in Fig. 1. 
with masses {mj} c *L l and spring constants {kj}^ =1 . This system is modeled by the 
Jacobi matrix (11.31) with 



k 



k 



•3+1 



JEN. 



In [TTj [TJ] it is explained how to deduce these formulae. Since J is considered to 
have discrete spectrum, the movement of the system is a superposition of harmonic 
oscillations whose frequencies are the square roots of the modules of the eigenvalues. 
The modified mass-spring system corresponding to the perturbed operator J is 



^Terror- ™3 Tfmw- 



Figure 1: Semi- infinite mass-spring system 

obtained by changing the first mass by Am = mi(6~ 2 — 1) and the first spring 
by Ak = —hm\ (see Fig. 2). Here we also consider negative values of Am and 
Ak which correspond to 9 > 1 and h < 0, respectively. Note that the perturbation 



Ak 



k 3 fc 4 



Figure 2: Perturbed semi- infinite mass-spring system 



involved here is the result of the combined effect of a rank-one perturbation (studied 
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thoroughly in [16]) and the particular rank-two perturbation studied in j8]. However, 
most of the results obtained here cannot be found from the results in [16] and [H], 
and require their own proof. Moreover, it turns out that one can single-out classes 
of isospectral operators within the two parameter perturbation family considered in 
this work that was not studied before. 

The paper is organized as follows. In Section 2 we fix the notation, lay down a 
convention for enumerating sequences and recall some results of the inverse spectral 
theory for Jacobi operators. Section 3 gives a detailed spectral analysis of the family 
of perturbed Jacobi operators. The solution of the two spectra inverse problem for 
J and J is given in Section 4. This section also discusses the non-uniqueness of 
the reconstruction and gives some characterization of isospectral operators in the 
perturbation family under consideration. 

2. A review on inverse spectral theory for Jacobi operators 

Let us denote by cr(J) the spectrum of J and consider the spectral resolution of 
the identity E for J given by the spectral theorem. Then the spectral function p of 
J is defined by 

p(t) := (5 1 ,E(t)5 1 ) . (2.1) 
All the moments of p exist [TJ Thm. 4.1.3], that is, for all k e N U {0}, 

Sk = t k dp(t) e R . 
Jr 

Moreover, since J turns out to be simple with 5\ being a cyclic vector, the operator 
of multiplication by the independent variable in L 2 (M, p) (defined on the maximal 
domain) is unitarily equivalent to J. 

Alongside the spectral function we consider the corresponding Weyl m-function 
given by 

m(C) := (J - CI)-%) = / 7^7 , C t °{J) ■ (2.2) 

Jr 1 ~ s 

Because of the inverse Stieltjes transform one uniquely recovers p from m, so p 
and m are in one-to-one correspondence. 

The Weyl m-function has the following asymptotic behavior 

-(C) = -i-|-^ + 0(C 4 ), (2.3) 

as C -> oo with Im( > e, e > (see [HH Eq. 1.5] and [16, Eq. 2.10]). 

The inverse spectral theory for the Jacobi operator J is centered on the fact that 
the Weyl m-function (or, equivalently, p) uniquely determines the matrix ( 11. 3ft and 
the boundary condition at infinity that defines the self-adjoint extension if necessary. 
Indeed for recovering the matrix one may use a method based on a discrete Riccati 
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equation (see pUl Eq. 2.15], [21)1 Eq. 2.23]) or the method of orthonormalization of 
the polynomial sequence {t k }^L Q in L 2 (M, p) 0, Chap. 7, Sec. 1.5]. If (II. 3p is the 
matrix representation of a non-self-adjoint operator, then the condition at infinity 
may be found by the method exposed in [161 Sec. 2] . 

In this work we restrict our considerations to the case of cr(J) being discrete, viz., 
a ess (J) = 0. It is well known that this is always the case when J is not essentially 
self-adjoint pTJ Thm. 4.11], [2~T| Lem. 2.19]. The discreteness of o~(J) implies that 
(12.11) can be written as follows 



P(t) = £ ^ , (2-4) 



x k <t ak 

where the coefficients {otk}k are called the normalizing constants. From (12. 2p and 
( EUD it follows that 

The function m is meromorphic, and, since it is also Herglotz, its zeros and poles 
interlace, i. e., between two contiguous zeros there is only one pole and between two 
contiguous poles there is only one zero (see the proof of [131 Chap. 7, Thm. 1]). 

Now, in the subspace 5^ of ^(N), consider the operator Jt which is the restriction 
of J to dom( J) R 5^. Note that Jt is a self-adjoint extension of the operator whose 
matrix representation with respect to the basis {5fc}£L 2 °f the space 5± is (II. 3p with 
the first column and row removed. The following proposition is well known (see for 
instance |16|). 



Proposition 2.1. Under the assumption that cr(J) is discrete, cr(J) and £t(Jt) 
interlace. Moreover o~(J) coincides with the set of poles of the function m and 
o~( Jt) is the set of its zeros. 

Proof. Clearly, one should only establish that the zeros and poles of m are as stated 
in the proposition. But this is a straightforward conclusion from the definition of 
the Weyl m-function and the formula 

&?mr(C) = ?i - C - , (2-6) 

771(C) 

where is the Weyl m-function corresponding to Jt- Equation (12.61) is a particular 
case of [EH Eq. 2.15] or [20, Eq. 2.23]. □ 

(CI) Convention for enumerating a sequence. Let S be an infinite countable 
set of real numbers without finite points of accumulation and M an infinite subset 
of consecutive integers such that there is a strictly increasing function / : M — >• S 
such that / _1 (0) = 0. We write S = {Xk}keM, where = f(k). Note that M is 
semi-bounded from above (below) if and only if the same holds for S and that in 
{^k}keM only Aq is allowed to be zero. 
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Remark 1. Clearly, if two real sequences S, S' without finite accumulation points 
interlace, then one always can find M and functions / : M — > S and /' : M — > S' 
with the properties given in our convention (CI) such that, for any k G M, either 

X k < X' k < Afc + i or X' k < X k < X' k+l , 

where X k = f{k) and A' fc = f'{k). If S is not semi-bounded, then both possibilities 
hold simultaneously. 



The proof of the following proposition can be found in [8j Lem. 4.1] and p2J 
Sec. 4] and the starting point for it is [131 Chap. 7, Thm. 1]. 

Proposition 2.2. Let J have discrete spectrum and assume that o~(J) = {X k } k( zM, 
and a(J T ) = {f] k } ke M- Then 



k^O 

Moreover, C < and 

r] k <\ k < r] k+1 , WkeM, (2.8) 
if a (J) is semi-bounded from above, while, C > and 

X k <Vk<h+i, VfceM, (2.9) 

otherwise. 



3. Direct spectral analysis for J and J 

Let J and J be the operators defined in the Introduction. Since Jt = Jt, where 
Jt is the operator in the space 5± obtained by restricting J to dom(J) fl 5^, one 
obtains from (12.61) that 

V m(C) / m(C) 
where m is the Weyl m-function corresponding to J. Let us define the function 

m(C) := ^ (3.2) 
m(C) 

Immediately from ( 13. II) one proves the following proposition. Prior to stating it, in 
order to simplify the writing of some expressions, let us introduce a constant that 
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will be used recurrently throughout the paper. 



7:=^- (3-3) 
Proposition 3.1. Consider the Jacobi operator J and the operator J as given in 



( 1.4 ) with 9^1. If J has discrete spectrum, then 



i) the set of poles of m is a subset of a (J) and the set of zeros is contained in 
<t(Jt), 

ii) 7 G cr(J) if and only if 7 e cr(J) 7 

iiij i/ie seis cr(J) and cr(J) can intersect only at 7. 
The following alternative expression for m: 

m(C) = (£ 2 -l)(C-7)m(C) + £ 2 , (3-4) 

which is obtained by combining (13.11) and (13. 2p . is the main ingredient in the proof 
of the following proposition. 

Proposition 3.2. Consider the Jacobi operator J and the operator J as given in 



( I.4 ) with 9^1. If J has discrete spectrum, then the spectra c(J), o~(J) interlace 
in the intervals (7, +00) and (—00,7). Moreover, a (J) in the interval (7, +oo) ; 
respectively (—00,7), is shifted with respect to cr(J) to the left, respectively right, 
when 9 < 1 and to the right, respectively left, when 9 > 1 . 

Remark 2. The set a(J)n(j, +00), respectively cr( J) fl(— 00, 7), may be empty and, 
then, there is no spectrum of J in (7, +00), respectively (—00,7). If A is the only 
element in a (J) D (7, +00), respectively a (J) fl (—00,7), then there is exactly one 
element of er(J) in (7, +00), respectively (—00,7) to the right (left) of A whenever 
0<1(0>1). 

Proof. Let us first prove that between two contiguous eigenvalues of J there is 
exactly one eigenvalue of J. Assume that 9 > 1 and consider two contiguous eigen- 
values A, A of J such that 7 < A < A. Then, by (12. 5p and (13.4)) . one has 

lim m(t) = +00 lim m(t) = —00 . 

The function m |r, should cross the 0-axis in (A, A) an odd number of times. Ac- 
tually, it crosses the 0-axis only once. Indeed, if one assumes that m Cm crosses the 
0-axis three or more times as in Fig. 3 (a), then, in view of Propositions 12.11 and 13.1) 
there would be at least two elements of ct(Jt) in (A, A). Note that one crossing of the 
0-axis and a tangential touch of it as in Fig. 3 (b) and (c) is also impossible since 
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a 



b 



c 



Figure 3: Impossible crossings of the 0-axis by m 



the poles of fh are simple. Thus, taking into account Proposition 13. 1[ the interlacing 
of cr( J) and cr( J) in (7, +00) has been proven. 
When 9 < 1, one has 

lim m(t) = —00 lim m(t) = +00 . 

and by the same reasoning used above the interlacing of the spectra in (7, +00) is 
established. The interlacing in (—00,7) is proven analogously. 

Let us now prove the second assertion of the proposition. To this end suppose 
first that 7 ^ cr( J) and observe that, under this assumption, (13 .4ft implies that 

m( 7 )=# 2 . (3.5) 
Let us now assume that the contiguous eigenvalues A, A of J are such that 

A < 7 < A . 
Under the premise that 6 > 1, we have 

lim m(t) = +00 lim m(t) = +00 . (3.6) 

teR «gR 

In view of (13. 5 p and (13. 6p . if m |k crosses the 0-axis one time in the interval (A, 7), 
it should cross it in (A, 7) at least twice. The same is true for the interval (7, A). 
Note that m [r cannot tangentially touch the 0-axis due to the simplicity of its 
zeros. So, the assumption that m |r crosses the 0-axis, from what has already been 
proven above, would imply that in (A, 7), respectively (7, A), there is at least one 
eigenvalue of J, which contradicts the fact that A and A are contiguous. Thus, there 
is no crossing of the 0-axis by m in the interval (A, A), which means the absence 
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of eigenvalues of J in (A, A). If now 9 < 1, instead of (13. 6ft . one has 

lim m(i) = — oo lim m(t) = — oo . 

From this asymptotic behavior, together with (13.51) and a similar reasoning as the 
one given above, it follows that m |r crosses the 0-axis exactly once in (A, 7) and 
once in (7, A). 

The case when 7 is in cr(J) is treated analogously. Here one only has to take 
into account two things: firstly that now 

m ( 7 ) = 9 2 + {9 2 -l)Resm{() (3.7) 

and secondly, that, since — [Res^ =7 m(£)] _1 is the normalizing constant of J corre- 
sponding to the eigenvalue 7 (see (I2.5P ). one has 

m (7) > 

either when 8 > 1 or 6 < 1. □ 

Remark 3. Although, the case 9 = 1 reduces to an additive rank-one perturbation, 
the well known interlacing property (see for instance the proof of [161 Thm. 3.3]) 
cannot be obtained from Proposition 13.21 by a limiting procedure since the limit of 
7 (9) when 9 — > 1 does not exist (see (13.31) ). 

Remark 4. Let the positive number 9^1 and h e R. It is straightforward to 
verify that, for a (J) and cr(J), there exist a set M and functions / : M — > o~( J) and 
/ : M — > cr(J) with the properties given in our convention (CI) for enumerating 
sequences such that the following conditions hold under the assumption that \ k = 
f(k) and fi k = f(k): 

A fe < fx k < A fc+ i in (7, +00) , Afe_i < \i k < \ k in (-00,7), (3.8) 

when 9 > 1, and 

fx k < A fe < /ji k+1 in (7, +00) , /ifc_i < A fc < fi k in (-00,7) , (3.9) 

if 9 < 1. Here, implicitly, the intersection of cr(J) with the semi-infinite intervals is 
not empty, but we are also considering the case of when the intersection with one of 
the semi-infinite intervals is empty (see Remark [2]). Also, we are not excluding the 
case when 7 is in a (J) for which there is ko G M such that X ko = fi ko — 7- 

Proposition 3.3. Suppose that h £ R is such that if 9 = 1 then h 7^ 0. Let J have 
discrete spectrum and assume that cr(J) = {\ k }keM and cr(J) = {^ k }keM, where 
the sequences have been arranged according to Remark^ if 9 ^ 1 and according to 
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Remark^ otherwise. Then 



^(/ifc-Afc) = h + qi (9 2 -l) (3.10) 

keM 

Proof. Consider the sequence {r]k}keM being the spectrum of J, where 

J-- J + h(6 1 ,-)8 1 . 
In the proof of [TBI Thm. 3.4] it is shown that 

^2(Vk -X k ) = h, 

keM 

where t]k > Xk for all k G M when h > and r]k < for all k e M otherwise. On 
the other hand, by [8j Prop. 4.1], one has 

fceM 

where the enumeration obeys [8j Remark 5] if 9 ^ 1. 

Consider a sequence {M n }^ =1 of subsets of M, such that M n C M n+1 and 
U n M„ = M. Then the assertion follows from the linearity of the limit 



lim 

n— >oo 



.k£M n k£M n 



as soon as one notices that the enumeration has been done according to Remark [4] 
when 9^1. □ 

Proposition 3.4. Suppose that h <E M. is such that if 9 = 1 £/ien li ^ 0. Let the 

Jacobi operator J have discrete spectrum and assume that cr(J) = {Xk}keM and 
a(J) = {fik}keM, where J is given by \l-4\) , and the sequences have been arranged 
according to Remark^ if 9 ^ 1 and according to Remark\J\ otherwise. Then, 

keM s 

Proof. When 9 = 1 the assertion follows from the proof of [161 Thm. 3.4] If 9 ^ 1, 
the proof repeats the one of [H Prop. 4.2], so we omit some details that the reader 
can reestablish from [8, Prop. 4.2] if necessary. 
From Proposition 12.21 and H3 .21) it follows that 



keM 

k^O 
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By Proposition 13.31 one actually has 

fcgAf ^ fe keM 



Indeed, (13.1 Oft implies the convergence of the products in (13. lip . 
Now, the assertion of the proposition follows from 

lim m(C) = 1 and lim TT j - ^ k = 1 . (3.12) 

ImC>e>0 ImC>e fceM 

The first limit is obtained from (I2.3P and (|3.4p . The second one is a consequence of 
the uniform convergence of 

TT C ~ Hk 

Li c - ^ 

in compacts of C \ R, which, in its turn, can be proven on the basis of ( I3.10p . □ 



4. Inverse spectral analysis for J and J 

In this section we give results on reconstruction of the operator J from its spec- 
trum and the one of J. Additionally, we provide necessary and sufficient conditions 
for two sequences to be the spectra of the operators J and J. Finally, we discuss 
isospectral operators within the perturbed family of Jacobi operators. 

Theorem 4.1. Let the Jacobi operator J have discrete spectrum and J be as in ( fi.^p 
with 9^1. If 7 is not in o~(J), then the sets o~(J), o~(J), and the constant 7 uniquely 
determine the matrix U.3\) . the parameters 9 and h, and the boundary condition at 
infinity if necessary (i. e. if Jq turns out to be non- essentially self -adjoint). 

Proof. In view of what has been said in Section |2l it suffices to show that the input 
data uniquely determine the Weyl m-function of J, and the parameters 9 and h. 

On the basis of Proposition 13 .41 one construct m from the sets cr(J) and cr(J). 
Then, since 7 ^ cr(J), it follows from (13.41) that m(7) = 9 2 . Now, the constants 7 
and 9 allow to find h. Finally, by means of (13.41) . one determines the function m. □ 

Theorem 4.2. Let the Jacobi operator J have discrete spectrum and J be as in 
Hjl.4\) with 9^1. Assuming that 7 is in o~(J), suppose that one is given the sets 
o~(J), cr(J) and one of the following constants 

(a) 9, (b) the normalizing constant corresponding to 7, (c) h, 

then one recovers uniquely the matrix U.3\) . the constant h in case (a), 9 and h in 
case (b), 9 in case (c), and the boundary condition at infinity if necessary (i. e. if 
Jo turns out to be non- essentially self- adjoint). 
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Proof. The proof is similar to the one of Theorem 14.11 The sets cr( J) and a( J) 
determine m and, then, one should obtain from it the function m using either the 
constant 9 or the normalizing constant corresponding to 7. From Proposition 13.11 it 
follows that 

a(J)na(J) = { 1 }. 

Thus 9 or h determine 9 and h. On the other hand, from H3.4[) and taking into 
account that 7 G cr(J), we obtain 

m ( 7 ) = e 2 - a -\9 2 -I), (4.1) 

where a is the normalizing constant corresponding to the eigenvalue 7. □ 

Suppose now that we are required to enumerate the sequences cr(J) and a(J) 
according to Remark HI but no information is given about the constant 7 other than 
it is not in a(J). Clearly, one does not need this number for accomplishing this task, 
as is stated in the following remark. 

Remark 5. Assuming that J has discrete spectrum, let S = er(J), S = o~(J) be 
disjoint, and take any 9 7^ 1 and feGl. It follows from Proposition 13.21 that one can 
find a set M and functions / : M — > S, f : M — > S, with the properties given in our 
convention for enumerating sequences (CI), such that there exists a unique fcoGM 
for which the following conditions hold under the assumption that = f(k) and 
^ = f(k) for k G M: 

a) Sn (Afco-i, A fco ) = 0, 

b) A fc < n k < \ k+ i , VA; > k , 

c) A fc _i < fi k < A fc , VA; < k , 
if 9 > 1, and 

a') S fl (Afc _i, Afc ) = {/ifc _i, /ifc }, 
b') X k < fMk+i < X k+ i , VA; > fc , 
c') A fe _i < < X k , VA; < A; . 
if 9 < 1 

Before we state the necessary and sufficient conditions for two sequences to be the 
spectra of a Jacobi operator J and its perturbation J, let us introduce the following 
parameterized sequence. Suppose that two sequences {X^} k£M and {/Ufc}fcgM &re 
given and enumerated by the set M as convened before. Whenever the series 

fceA/ 
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converges, the sequence 



0- -^U X j^T k 

keM n K 

r n (u):= -, VneM. (1.2) 

\k&M K 

is well defined for any wGK. 

Theorem 4.3. Let S and S be two disjoint infinite real sequences without finite 
points of accumulation. There exist 9 > 1, h e R, and a matrix M.'J\) such that 
S = o~(J) ^ 7 and S = o~(J) if and only if the following conditions hold: 

i) There exist a set M and functions h : M — » S , h : M — )■ S rai/i tae properties 
given in our convention for enumerating sequences (CI) such that one can find 
a unique fc 6 M for which a),b),c) of Remark^ take place with A& = h(k) and 
fi k = h(k). 

ii) The series YlkeM^k ~ ^fc) ^ s convergent. 
Hi) There exists u G (Afe _i, Afc ) such that 

a) For m = 0, 1, 2, ... , the series 

\ 2 k m Tk(uj) converges. 

keM 



b) If a sequence of complex numbers {(3k}k£M is such that the series 

22 I Pk 1 2 T k (p) converges 



keM 



and, for m = 0, 1, 2, 



^/3 fe A£V fe (cD) = 0. 



fceM 

i/jen = /or a// keM. 

Proof. Due to Propositions 13.21 and 13. 3[ for proving the necessity of the conditions, 
it only remains to show the existence of u in (Afe _i, A^) such that r n (cD) = a" 1 for 
all n e M. Indeed I map and Im'&P will follow from the fact that all moments of the 
spectral measure (12. 4ft exist and that the polynomials are dense in p). 
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Clearly, 7 G (A*. _i, Afc ), so let Q = 7. Then, from (l2.5p .( l3T4l) . and Proposi- 
tion 13.41 , it follows that 

— A n T-r A n — /ife (4.3) 

= (A„,-7)(^-l) * A A~^ • 

Hence, taking into account ( 13.51) . one verifies that r n (tD) = a" 1 . 

We now prove that conditions fl) . Rzj) . \iiia\) , and lmM) are sufficient. 
The condition [|) implies that 

A n — Afe 

On the other hand, by [mJ) one can define the number 



feeAf fc 

which is clearly strictly greater than 1 since if Q G (Afc _i, Xk ), then |u) — ^| > 
|cD — Afc| for all k G M. Thus, 

/in ~ An > VneM 



(A n -£)(tf 2 -l) 
Hence, for all n G M, r n (u) > 0, so define the function 

pit) ■= E • ( 4 - 5 ) 



A fc <t 

It follows from lmaj) that the moments of the measure corresponding to p are finite. 
Now, on the basis of[zj) and[uj), define the meromorphic functions 

*(o == n ^£ 

keM s K 

and 

rh(C) = ™ (C) " ^ (4 6) 



Thus, taking into account (14. 2p . one has 



Res m(C) = (tf 2 - l)" 1 lim ( —^xh(() = -r n {u) . (4.7) 
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Therefore, on the basis of the second equality in (13.121) . 

lim m(C) = (?? 2 - l)" 1 lim ^pQ = (4.8) 

(— >oo (— s-oo C — W 
ImC>e>0 ImC>e>0 

By dH7D and (jMD, [13, Chap. VII, Sec.l Theorem 2] implies that 

*(0 = Er^7- (49) 

On the other hand, using again the first equality in (I3.12p . one obtains 
lim (m(() = (i} 2 -iy 1 lim —L- (th(C) - = -1 • 

C->oo 1— OJ/C 

lm(>€>0 lm(>e>0 

But 



lim C"^(C) = - yZ r k (p) , 

C->oo * — ' 
lm(>€>0 keM 

so it has been proven that, for the function given in (14. 5p . 

dp(t) = 1 . 



Thus the measure corresponding to p is appropriately normalized and, because of 
ImaP ; all the moments exist, so in L 2 (M, p) apply the Gram-Schmidt procedure of or- 
thonormalization to the sequence {t h }^L to obtain a Jacobi matrix as was explained 
in the Section |2j Consider the operator J with domain Zfi n (N) generated by this 
Jacobi matrix as explained in the Introduction. Now, as a consequence of condition 
Imfcp . which means that the polynomials are dense in ^(K., p), p corresponds to the 



resolution of the identity of a self-adjoint extension J of Jo [U] Prop. 4.15]. 
Finally, consider 

J=J+ [ gi (9 2 - 1) + 9 2 h] (5x, ■) 6 X +h(9- l)((6x, •> 6 2 + (6 2 , •) , (4.10) 
where 

= #, h = Q—. 

By construction the sequence {\k}keM is the spectrum of J. For the proof to be 
complete it only remains to show that {pk}keM is the spectrum of J. For the 
function given in (13. 2p . taking into account (12.51) and (13. 4p . one has 
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On the other hand, from ( 14. 6ft and ( 14. 9ft . it follows that 



m(C) = ^ 2 + (C-S) (^ 2 -1)Et^7- 

But 9 — d and we have already proven that a^ 1 = tu(uj) for G M. Thus m = m, 
meaning that the zeros of m are given by the sequence {pk}keM- D 

Remark 6. In accordance with Theorem 14.11 the proof of Theorem 14.31 shows that 
the sequences S, S, and the parameter uj satisfying [|), \vj$, and Hi), uniquely deter- 
mine the perturbation parameters 9 and h, and the matrix ( II .3p with the boundary 
condition at infinity if necessary. Thus, S, S, and uj amount to the complete input 
data for solving uniquely the inverse spectral problem. 

Remark 7. Clearly, the assertion of Theorem 14.31 holds true if one substitutes 9 > 1 
by 9 < 1, conditions a), b), c) by a'), b'), c'), and uj G (A fco _i, A feo ) by Q G (p ko -i,Ph )- 

Proposition 4.1. Let S and S be two infinite real sequences without finite points 
of accumulation that satisfy 0]) and \wj) of Theorem \4-3[ Suppose that there is uj G 
(Afc _i, Afc ) so that the sequence {r n (uj)} n£ M satis fies \iiia\) and \iiib\) of Theorem ^. 3\ 
then {T n (cu)} n€ M also satisfies \iiia\) and \iiib\) for all uj G (Afc _i, A^J. 

Proof. Let 

x k <t 

As in the proof of Theorem 14.31 one verifies that if uj G (Ajt _i, Xk ), p^ is a positive 
non- decreasing function and that 

dp u (t) = 1 , Vug (A fco _i, A feo ). 

K 

By hypothesis all the moments of the measure p% are finite and the polynomials are 
dense in L 2 (M, p$). For the proposition to be proven, one needs to show that this 
implies that all the moments of the measure p^ are finite and the polynomials are 
dense in L 2 (M, p u ) for all uj G (Afe _i, Afc ). But, since the support of the measure is 
the same for all uj G (A^_i,Afe ), this implication will indeed take place if for any 
fixed uj G (Afc _i, Afc ) there are positive constants Cx, C2 such that 

C x r n {uj) < r n (uj) < C 2 r n {uj) , \fn G M . (4.11) 

Fix uj G (Afco-i, Afc ). From ( 14.21) . it follows that 

r» = C^^T n (Q) , (4.12) 

A n - UJ 
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where C 



IL 



1 



one verifies from f)4.12p that if 



Ci:-- 



T-r u-fJ,k _ i 



By elementary estimates of 



mm{\X kQ -Q 


? 


Afco-i -w|} 


max{ Afc — u) 


) 


Afco-i -w|} 



Co 



1 + 



max{ A fco - £; 


J 


A^-i -w|} 


min{|A fco - w 


5 





□ 



then f HTTD holds. 

Remark 8. As in Remark [71 the assertion of Proposition 14.11 holds true if one 
assume that i) is satisfied with a'), b'),c') instead of a), b), c) and substitute the 
interval (A fcf) _i,Afc ) by (/i fco -i, // feo ). 

Theorem 4.4. Let 6^1 and assume that the disjoint sets cr(J) and o~(J) are 
enumerated according to Remark^ with a), b), c) if 6 > 1, and with a'), b'), d ) 
otherwise. Then, for any u G (A& _i, Afc ) when 9 > 1 and for any oj G (/^c -i, fik ) 
when 6 < 1, there is a matrix 



fq'i K o 

b[ q' 2 b> 2 








b' 



1' 3 



b' 





b' 



q\ 



(4.13) 



7 



where q' n EM. and b' n > for all n6N, and a self-adjoint extension J' of the operator 
whose matrix representation is ([4- 13$ , such that cr(J') = or (J) and cr(J') = a (J), 
where 



J' : 

with 



J' + [q[((e'Y - 1) + {9'fh'\ (S 1 , •) 6 1 + b[(6' - 1){(S U •) 5 2 + (5 2 , •) 6 1 ) (4.14) 



0' := + v / mM , 



ti :-- 



1 — mfw) 



uj- 



m w 



Proof. We prove the assertion for > 1. The other case is completely analogous, 
one only has to take into account Remarks [7] and [U By Theorem 14. 3[ it follows that 
cr(J) and u(J) satisfy i), ii). liiiap . and liiibj) . Then, from Proposition 14. 1\ lma|) and 
liiibj) are satisfied for any uj G (Afc _i, Ajt ). Now, again by Theorem I4.3[ there are 
operators J 1 and J' such that their spectra coincide with o~(J) and o~(J). □ 

Lemma 4.1. Let 6^1 and assume that the disjoint sets o~( J) and cr( J) are enumer- 
ated according to Remark^ with a), b), c) if 6 > 1, and with a'), b'), c') otherwise. 
Then, the equation 

™ (*) = 2 (4-15) 

has only the solutions s = 7 and 5 = 7, where 7 is the only point in ct(Jt) H 
(Afc _i, Afc ). Moreover, if 7 = 7, i/ien ^ is a local extremum of m t(A fco _ 1 ,A feo )- 
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Proof. First notice that 7 is in (Afc _i,Afc ) if 9 > 1 and in (/ife _i, otherwise. 
By Proposition 12.11 the set <r( Jt) PI (Afc _i, \k ), has only one element. If 8 < 1, since 
Jt = </t, this only element is actually in (/ifc _i, /ifc ). Moreover, when < 1, by 
what was said in the proof of Proposition 13.21 m |r takes negative values outside 
(/Xfc _i, /ifc ). Now, from d3.4j) . the solutions of (I4.15P are the zeros of (( — 7)m(£) 
which are 7 and 7. Clearly, if 7 = 7, the function (( — 7)m(£) has a zero of 
multiplicity two which implies the second assertion. □ 

Lemma 4.2. Let 9^1 and assume that the disjoint sets o~( J) and c(J) are enumer- 
ated according to Remark^ with a), b), c) if 9 > 1, and with a'), b ? ), c') otherwise. 
Then, the function m \(\ h _ X) A fc ) has only one local extremum in (Xk -i, ^k ) when 
9 > 1, and in (^k -i, f^k ) when 9 < 1, which turns out to be a global minimum 
greater than 1 if 9 > 1, and a global maximum less that 1 if 9 < 1. 

Proof. Suppose that 9 > 1 and that m f(A t . _ 1 ,A fco ) has more than one local extremum. 
Then one verifies that there are three different points aJi,w 2 ,co>3 in (Afc _i, A^,,) such 
that 

m(wi) = m(ui2) = va{ujz) . 

By Theorem 14.41 for uj\ there are Jacobi operators J' and J' such that cr(J') = ex (J) 
and o-(J') = o"(J). Let n be the quotient of the Weyl m-function of J' and the Weyl 
m-function of J'. By Proposition 13. 4[ m = n. Hence, on the basis of Theorem I4.4[ 
it follows that 

n(wi) = n(w 2 ) = n(w 3 ) = & ■ (4.16) 
On the other hand, Lemma 14.11 tells us that the equation 



n \(x k0 ^,x k0 ) (s) 



where 9' = +^m(uii), has only the solutions uj\ and the only element of in 
(Xk Q ~i, Afc ). This is in contradiction with (I4.16p . 

Thus there is only one extremum of m t(A fco _i,A fc ) when 9 > 1. The same rea- 
soning given above, but replacing all appearances of the interval (Afc -i,Afc ) by 
(/ifc _i, /ifc ), works for the case 9 < 1. 

Now, on the basis of the behavior of m in the interval (Afc _i, Afc ) if 9 > 1, and 
in (/ifc -i, /ifc ) if < 1, given in the proof of Proposition I3.2[ one completes the 
proof. □ 



Theorem 4.5. Under the assumptions of Lemma \4-l\ i/ 7 / 7, then there are 



exactly two different matrices U.3\) and Ij4-13\ ) such that c(J') = o-(J) and c(J') 
cr(J) with 9 = 9'. If 7 = 7, then for all operators J' 7^ J for which cr(J') = cx(J) 
and er(J') = cr(J) it turns out that 9 7^ 9' . 

Proof. Due to Theorem 14.41 and Lemmas 14.11 and 14.21 the proof is straightforward. 

□ 
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Remark 9. Clearly, the condition 7 = 7 is equivalent to 7 being equal to the 
minimum of m \(\ k _ 1) > fc ) if 9 > 1, and being equal to the maximum of m _ lM ) 
if 9 < 1. 

Let us now reformulate and summarize some of our results in terms of the mass- 
spring systems mentioned in the Introduction. 

Suppose that one knows the spectrum of the Jacobi operator corresponding to 
the mass-spring system given in Fig. 1, and then, after carrying out a mass-spring 
perturbation on the system as illustrated in Fig. 2, one is given the new spectrum, 
which does not intersect with the first one. Clearly, by the spectra alone, one 
determines if Am is positive or negative (see Proposition I3.2p . For definiteness, 
suppose that Am > 0. If no more information is given, then for any value of the ratio 
of masses 9 G (0, max^^ )Wfe ) tn(i)] there are mass-spring systems corresponding 
to Figs. 1 and 2 having the measured spectra (see Theorem 14.41) . However, when one 
knows the ratio of masses 9 then, in general, there are only two mass-spring systems 
corresponding to Fig. 1 that comply with the conditions after the corresponding 
perturbation (see Theorem 14. 5p . Moreover, if 

9 = max m(t) , 

*£(/ifc _l,£tfc ) 

there is only one system with the required properties (see Theorem 14. 5p . 

Let us now turn to the case when 7 G a (J) or, equivalently, when the spectra of 
J and J intersect. Thus, according to Remark HJ consider the sequences {Xk}keM 
and {/ik}keM such that X ko = fi ko = 7. If 

keM 

converges, then, for any uGl, one defines 

n G M , n ^ k 

(4.17) 

n = k 

Theorem 4.6. Let S and S be two infinite real sequences without finite points of 
accumulation such that S fl S = {7}. There exist 9 > 1, h G R, and a matrix U.3\) 
such that S = o~(J) and S = o~(J) if and only if the following conditions hold: 

I) There exist a set M and functions h : M — >■ S , h : M — >■ S with the properties 
given in Remark [7] such that Ii3. 8\) holds and there is a k G M such that 
Xk — Vko = 7- 



ir.n 



X n — A*it 



(A„-7)(a;-l) fc AJL \ n - X k 

V n (u) := { ( \ 



V 



keM 
k^k 



7 - X k 



J 



18 



II) The series ^2 keM (^k ~ ^k) i g convergent. 
Ill) There exists u > TT - — ^ such that 

- LJ - 7 — Ah 

fc^feo 

a) For m = 0, 1, 2, . . . , the series 

\l m Vk(uj) converges. 

keM 

b) If a sequence of complex numbers {Pk}keM is such that the series 

yj |/3fc| 2 Vk(u>) converges 

keM 

and, for in = 0,1,2, ... , 

J2 ^kVkiO) = , 

keM 

then (3 k = for all keM. 

Proof. For proving the necessity of the conditions, in view of Propositions 13.21 and 
13.31 one only needs to show the existence of u strictly greater than xn(j) such that 
Vkifj) = aZ 1 for all k G M. From (14.11) and the properties of the normalizing 
constants, it follows that 

1 < m(7) < 6 2 . (4.18) 

Let cu = 9 2 , then (g3D yields v k (Q) = aZ 1 for k G M, k ^ k . Moreover, (141"]) 
implies that v ko (co) = aZ \ 

Let us now prove that Q), [77j), \IIIa\i . and I IIIb\) are sufficient. 



It follows from (13.81) that \j — Hk\ > \l ~ A k\ for any k G M \ {k }. Since 7 — fi k 
and 7 — Afc have the same sign, 

A A 7 — Az, 

k^ko 

Thus cD > 1 and ffc (c<)) > 0. Now fix u e N, ti / k . ByQj) one has 

An — Ak 

Since yU„ — A„ and A n — 7 are positive or negative simultaneously, we conclude that 

v n (u)>0, WneM. 
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Define the function 

x k <t 

It follows from \IIIa\i that all the moments of the measure corresponding to p are 
finite. 

On the basis of [7|) and[77j), define the meromorphic functions 

*(o == n ^ ^ 

k&M s K 

and 

As it was shown in the proof of Theorem I4.3[ one verifies that 

Res 771(C) = — v n (u) , n 7^ k . 

It is also straightforward to show that 

Resm(Q = ^ 7) "" . 

C=7 U — l 

Thus, since the function 771(C) vanishes as C — > 00 along curves in the upper complex 
half plane, according to [13], Chap. VII, Sec.l Theorem 2], one can write 

m 



(0 = £ f^7 • < 4 - 21 > 



fceAf 



From (I4.2ip and the fact that lim (m(() = — 1> ^ follows that 

lm(>e>0 

ffc(w) = 1 or, equivalently, / dp(t) = 1 . 
keM J R 

On the other hand, by \IIIa\i , all the moments of p exist. Hence, using the method 
explained in Section |2] one obtains a Jacobi matrix and the operator Jo generated 
by it (see the Introduction). Condition I J/761) implies that p is the resolution of the 
identity of a self-adjoint extension J of Jo [HI Prop. 4.15]. Now, consider (I4.10p . 
where now 

e = +Vq, h = j(^-i 

By construction the sequence {Xk}keM is the spectrum of J. For the proof to be 
complete it only remains to show that {pk}keM is the spectrum of J. For the 
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function given in (13. 2D . taking into account ( 12.5ft and (13.4ft . one has 

«(C) = ^ + (c-7)(^-i)E^r 



feeM a fc (A fc -0" 



In view of (I4.20p and (14.211) . one has 



m(C) = u> + (C- 7 ) (^-1)E 



But, since 9 = u and the fact that a fc 1 = i?fc(tD) for e M, it follows that m = m. 
In its turn, this means that the zeros of m are given by the sequence {[ik}k<=M- □ 



Remark 10. By repeating the reasoning of the proof of Theorem 14. 6[ it is straight- 
forward to verify that Theorem 14.61 remains true if one substitutes 9 > 1 by 9 < 1, 
flSSD by flU} in Qj, and 

TT 7-Hk , tt 

fceM ' K k£M 1 K 

Proposition 4.2. Let S and S be two infinite real sequences without finite points 
of accumulation such that SC\S = {7} and\^) and\D\j of Theorem \4 . 6] hold. Suppose 
that there is 

7 - Hk 



u > 



n 



KM "> - Xk 



so that the sequence {v n {u)} n& M satisfies \IIIa\) and \IIIb\) of Theorem \4-6j then 
{v n (oj)} n< zM also satisfies \IIIa\) and \IIIb\) for all 



7 - Hk 

fcGM 



n 



7 - h 

k^ko 



Proof. For proving the claim one repeats the reasoning of the proof of Proposi- 
tion HTTJ Here we observe that, for n £ M, n 7^ ko, 

v n (u) = Cv n (Q) , 

where C=^=\. □ 

w— 1 

Remark 11. If, in Proposition I4.2[ one substitutes (13 ,8p by (13. 9p in [/]) and 

^ TT 7 f^k TT 7 ~~ f^k 

- j I — r> u J I — r 

k&M ' k keM ' k 

kj^ko kj^kg 
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by 

- < ( I — r' - 1 1 — r • 

fceM ' teM ' 

k^ko kj^ko 

then the new assertion holds true. 

By repeating the proof of Theorem 14.41 with a minor modification one arrives at 
the following theorem. 

Theorem 4.7. Let 9^1 and assume that the intersecting sets cr(J) and cr( J) are 
enumerated according to Remark Q] with A3. 8\) if 9 > 1 and A3.9\) if 9 < 1 . Then, 
for any uj > 1x1(7) when 9 > 1 and for any uj < 111(7) when 9 < 1, there is a matrix 
Hl4-13\ ) and a self-adjoint extension J' of the operator whose matrix representation is 
d4-13\) , such that a (J 1 ) = cr{J) and cr(J') = cr{J), where J' is given by A,4-H\) 



0':=+V£, h':= 1 [--l 



UJ 

Let us now comment on the last results in terms of the perturbed mass-spring 
systems. 

Assume that the spectra of the mass-spring system given in Fig. 1 and Fig. 2 are 
given and they intersect. By Proposition 13. 2\ these input data determine the sign of 
Am. Let us suppose that Am > 0. Due to Theorem 14 .7\ for any value of the ratio 
of masses 9 < 111(7) there are mass-spring systems corresponding to Figs. 1 and 
2 having the measured spectra. The knowledge of the ratio of masses completely 
determines the mass-spring systems. 

We have given above the ratio of masses as a parameter of the system when the 
spectra intersect (see Theorems 14.61 and 14 . 2 1 where u and Q play the role of the ratio 
of masses). This is a "natural" choice because the parameter used in the case when 
the spectra are disjoint, namely 7, is now given with the spectra. There is also 
another choice for the parameter: the spring constant h. Below we briefly discuss 
this parameterization where now the role of the spring constant is played by u and 
u. We begin by defining 

7 - \ n )uj a J- A n - A fc 



v n (uj) 



kehi 

kj^n 



(4.22) 



uj 7 — Afc uj 

k^ko 



Theorem 4.8. Let S and S be two infinite real sequences without finite points of 
accumulation such that S fl S = {7}. There exist 9 > 1, h G and a matrix A1.3\) 
such that S = cr(J) and S = cr( J) if and only if the conditions^ and\M of Theorem 
\4-6] hold along with 
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Ill') There exists a real number Q satisfying 



00 < 



< 7 



> 7 



n 

\ keM 

Wfco 

( 

n 



\ keM 

\k^k 



7 - Afc 
7 - Vk 



7 ~ ^fc 
7 - 



\ 



/ 



z/ 7 = 
*/7 > 

ifl < 



a) For m = 0, 1, 2, ... , the series 

2^ ^fc m ^fc(w) converges. 



keM 



b) If a sequence of complex numbers {^k}keM is such that the series 

I Ac 1 2 Vk(uj) converges 



keM 



and, for m — 0, 1, 2, 



i/ien /3 fc = /or a// keM. 



Proof. The proof is similar to the one of Theorem 14. 61 and we restrict ourselves to the 
case when 7 > 0. The other cases are proven analogously. Thus, for the necessity 
of the conditions to be proven, one only should establish that there is 



oj < 7 



\ 



\ keM 

Wfco 



7 - A^fc 



J 



such that Vk(u)) = a k 1 for all k E M. On the basis of (13. 3 j) and ( 14. 18ft . one has 



1 < m(7) < 



7 



j + h 

Note that 7 + h 7^ 0. Since 7 and 7 + /i have always the same sign and we are 
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assuming that 7 > 0, the inequality 

h < 7 ( — TT ~ 1 
Vm(7) 

holds. So let Q = h, then (14.31) yields Ufc(a5) = a^ 1 for G M, k 7^ fc - Moreover, 
(14. ip implies that v^u) = 

Let us now prove that Pj) . P7 |) . IZ/Jaf) . and \IIIb\i are sufficient. Reasoning as before, 
one verifies that 

v n (u) >0,Vne M . 
Now, instead of ( )4.2Up one defines 

m(C) = (Q - lM0 - 7 

where m is given in (I4.19P . Then it is shown that 

Res m(C) = -v n {u) VneM. (4.23) 

C — 

Having defined 

\ k <t 

the asymptotic behavior of (ra(C) an d (I4.23j) imply that j R dp(t) = 1. Furthermore, 
by[777aj), all the moments exist, so one constructs the operator J as was done before 
and, by \IIIb\i p corresponds to a self-adjoint extension J of J . Let us now consider 
( HTTP]) with 

= +\l^ J —i h = Q. 
y w + 7 

Clearly, a (J) = {Xk}keM- Hence it only remains to show that a (J) = {^kjkeM- By 
([23]) and (13T4"]) . one has 

m(C)=^ + (C-7)(^-l)E^7x i 



fceA/ « fc (A fc -C) 



On the other hand (l4~20l) and (14~2TD imply that 



w + 7 w + 7 Xh — C 

' ' keM ft s 

Since 9 2 = 7/(^ + 7), we conclude that m = m. In its turn, this means that the 
zeros of m are given by the sequence {pk}k€M- □ 

Remark 12. Theorem 14.81 holds true after substituting 9 > 1 by 9 < 1 and instead 
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of 



<7 



>7 



one writes 



>7 



<7 



n 

\ fceM 
Wfco 

/ 

n 

W&0 



( 

n 

i fceM 
Wfco 

/ 

n 

\ fceM 
Wfco 



7 ~ ^fc 
7-^* 



7 ~ 
1 - ^k 



\ 



- 1 



7 ~ A fc 
7 - Mfc 



7 ~ A fc 
1 - Hk 



\ 



\ 



J 



if 7 = 

if 7 > 

if 7 < 

if 7 = 

if 7 > 

if 7 < 



The proof of this claim proceeds in exactly the same way as the proof of Theorem 14. 8 1 

Since assertions analogous to Proposition 14.21 and Remark [TT] hold when one 
considers the sequence (14.221) instead of (14.171) . the proof of the following statement 
can be done by repeating, with just minor modifications, the proof of Theorem 14.71 

Theorem 4.9. Let 6^1 and assume that the intersecting sets cr(J) and cr( J) are 
enumerated according to Remark with A3. 8\) if 9 > 1 and A3.9\) if 8 < 1. Assume 
that 7 > ; then, for any 



to < 7 



when 6 > 1, and for any 



u > 7 



n 

\ k£M 

Wfco 



( 

n 

i fceM 
Wfco 



7 ~ h 
7 - V>k 



\ 



7 ~ ^fc 
7-^fc 



\ 



/ 



when 9 < 1, there is a matrix A,4.13\ ) and a self-adjoint extension J' of the operator 
whose matrix representation is H4-13\ ) such that cr(J') = cr(J) and cr(J') = cr(J), 
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where J' is given by with 



uj + 7 
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